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Graph Representation Learning

The aim is to learn data-driven representations of nodes or entire graphs. These 
can be used for node/graph regression/classification.
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Graph Neural Networks (GNNs)

Graph-level 
representation

Updated node 
representation

Message from 
neighborhood



Pooling in GNNs
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GNN layers can be interleaved with graph coarsening (i.e. pooling) layers. But what does it 
mean to perform pooling in a graph?

Image is taken from [1] 

[1]: Hierarchical Graph Representation Learning with Differentiable Pooling (Ying et al., 2018)



Deep Graph Mapper: 
Seeing Graphs through the Neural Lens

Cristian Bodnar*, Cătălina Cangea*, Pietro Liò

Frontiers in Big Data, Topology in Real-World Machine Learning and Data Analysis Research Topic

Based on https://www.frontiersin.org/articles/10.3389/fdata.2021.680535/full



Desirable properties of pooling
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A simplified space that maintains some resemblance to the original space.  

Pablo Picasso, The Bull — 1945



Pooling and Homotopy Equivalence
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Spaces that can be transformed into each other by bending, stretching and contracting.  



Nerve Theorem (simplified)
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If we have a good cover of a topological space, then we can construct a simplicial complex 
based on this cover that is homotopy equivalent to that space.

A good cover A bad cover



Mapper [1]
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Image is taken from [2] 

[1]: Topological methods for the analysis of high dimensional data sets and 3d object recognition (Singh et al., 2007)
[2]: An introduction to Topological Data Analysis: fundamental and practical aspects for data scientists (Chazal et al., 2017)



Structural Deep Graph Mapper
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We use GNNs to compute a pull-back cover of the nodes and edges. The output is the 
nerve of the pull-back cover. 



A framework for pooling
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Proposition. SDGM generalises all approaches based on soft-cluster assignments (e.g. 
DiffPool [1], minCUT [2]). 

[1]: Hierarchical Graph Representation Learning with Differentiable Pooling (Ying et al., 2018).
[2]: Spectral Clustering with Graph Neural Networks for Graph Pooling (Bianchi et al., 2019).



Graph Classification Results
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We propose a differentiable pooling operator (DMP) and a fixed one based on PageRank (MPR).

Molecular Social
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Based on arxiv:2106.12575, with elements from arxiv:2103.03212  

Weisfeiler and Lehman Go Cellular:
CW Networks

Cristian Bodnar1,*  Fabrizio Frasca2,3,*  Nina Otter7 
Yu Guang Wang4,5,6*  Pietro Liò1   Guido Montúfar4,7,*  Michael Bronstein2,3

1 2 3 4 6 75
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NeurIPS 2021



Motivation: Limitations of GNNs

Groupwise interactions Higher-order structures Higher-order signals

Expressive power Long-range interactions
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CW Complexes
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CW Complexes
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CW Complexes
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CW Complexes

Cell     is on the boundary of cell  19



Background: The Weisfeiler-Lehman (WL) algorithm

The WL algorithm tests isomorphism 
between graphs [1].

It iterates colour refinements via 
hashing of neighboring colours:

Example of execution of the WL test on two isomorphic graphs [2]

The WL test cannot distinguish all 
graphs.
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[1]: The reduction of a graph to canonical form and the algebra which appears therein (Weisfeiler and Lehman, NTI Series, 1968)
[2]: Expressive power of graph neural networks and the Weisfeiler-Lehman test, blogpost

https://towardsdatascience.com/expressive-power-of-graph-neural-networks-and-the-weisefeiler-lehman-test-b883db3c7c49


Cellular Weisfeiler-Lehman

21



Cellular Weisfeiler-Lehman
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Cellular Lifting Maps

Cycles

Cliques*

*Studied in arxiv:2103.03212: Weisfeiler and Lehman Go Topological 
23



Cellular Lifting Maps
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Molecules as Cell Complexes
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Graph representations of molecules date back to the nineteenth century [1]. However, it is not 
necessarily the best representation. We propose modelling molecules as cell complexes.

[1]: Danail Bonchev, D.H. Rouvray (eds.) (1991) "Chemical Graph Theory: Introduction and Fundamentals"



CW Networks and Molecular Message Passing
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Practical Benefits of CWNs 

Higher-order modeling:
Structure & Features

≠

Superior expressive power

Easily capture 
long-range interactions
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Hierarchical:
Atom → Bond → Ring



Computational Complexity

Max boundary size Number of p-cells

Boundary msgs Upper msgs

(Message passing) In practice:         ,     
fixed (small) constants

Empirically, GIN is only 19% – 35% 
faster at inference time (ZINC)

(Lifting)
linear trend
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Synthetic Experiments: Expressive Power

Circular Skip Links

Strongly Regular
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Synthetic Experiments: RingTransfer

source

targetL = 3 (constant)L = (ring size) // 2

Random guess
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Real-world Experiments: TUDatasets
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Real-world Experiments: ZINC + MolHIV
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Real-world Experiments: ZINC (ablation study)

“Standard”

Captures rings

Importance of capturing rings

Updates edges

Importance of updating edges
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Thanks!

Cristian Bodnar
Twitter: @CristianBodnar
Email: cb2015@cam.ac.uk
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